Abstract. We prove that every piecewise linear manifold of dimension up to four on which a finite group acts by piecewise linear homeomorphisms admits a compatible smooth structure with respect to which the group acts smoothly.
Introduction
A piecewise linear-and a smooth structure on a manifold M are called compatible with each other, if there exists a triangulation of M as a piecewise linear manifold all of whose simplices are smoothly embedded with respect to the smooth structure. Due to a theorem by Whitehead every smooth manifold M admits a unique compatible piecewise linear structure [24, 20] . An equivariant version of this result for smooth actions of finite groups on M holds by a theorem of Illman [10] . Conversely, any piecewise linear manifold of dimension n ≤ 7 admits a smoothing, i.e. a compatible smooth structure [8, 12, 19, 2, 11] . We show that piecewise linear manifolds in dimension n ≤ 4 can be equivariantly smoothed in the following sense.
Theorem. Let M be a piecewise linear manifold of dimension n ≤ 4 on which a finite group G acts by piecewise linear homeomorphisms. Then there exists a compatible G-equivariant smooth structure on M , i.e. a smoothing with respect to which G acts smoothly.
In dimension three our proof solves a challenge by Thurston [23, p. 208] . In dimension four the result confirms a conjecture by Kwasik and Lee [13] and guarantees in addition the compatibility condition. In dimension higher than four the statement of the theorem is false, even without the compatibility condition (cf. [13] or Section 3.7 below).
It is always possible to find a piecewise linear triangulation of M with respect to which the group G acts simplicially (cf. Section 2.1). For n = 1 we can choose the lengths of the segments of such a triangulation so that G acts isometrically. In this way we obtain a desired smoothing. In a similar manner we obtain a canonical smoothing in the case n = 2 away from the vertices of a triangulation. After a modification in neighbourhoods of the vertices it is possible to extend the smoothing to the whole complex (cf. Section 3.1). In the case n = 3 Thurston remarks that one probably needs some "heavy machinery such as the uniformisation theorem for Riemannian metrics on S 2 , used with ingenuity". The uniformisation theorem implies that smooth actions of finite groups on S 2 are smoothly conjugate to linear actions (cf. Section 2.4). The corresponding property for S 3 is assumed in [13] when conjecturing our result in dimension 4 without the compatibility condition and has later been proven 1991 Mathematics Subject Classification. 57M50, 57Q91, 57R10. Supported by a 'Kurzzeitstipendium für Doktoranden' by the German Academic Exchange Service (DAAD). The content of this paper is part of the author's thesis written at the University of Cologne [16] .
by Dinkelbach and Leeb [5] using Ricci flow techniques. Indeed, it turns out that the key ingredients for a proof of our result in dimension three and four are uniqueness of smoothings and the linearisability of finite smooth group actions on spheres up to dimension three. Given these ingredients it seems that our result is rather to be expected, but we believe that having it explicitly written out in the literature can be useful. In fact, we apply it in the proof of the only if direction of the following characterisation. A finite subgroup G < O(n) is generated by transformations g ∈ G with rank(r − I) = 2 if and only if R n /G is a piecewise linear manifold [14, 15, 16] .
2. Preliminaries 2.1. Piecewise linear spaces. In this section we prove a statement (Proposition 2.1) that enables us to give a more workable formulation of our main result (cf. Section 3). First we remind of some concepts from piecewise linear topology. For more details we refer to [9, 22] . A subset P ⊂ R n is called a polyhedron if, for every point x ∈ P , there exists a finite number a simplices contained in P such that their union is a neighbourhood of x in P . An open subset of a polyhedron is again a polyhedron. Every polyhedron P in R n is the underlying space of some (locally finite) simplicial complex K [9, Lem. 3.5]. Such a complex is called a triangulation of P . A continuous map f : P → Q between polyhedra P ⊂ R n , Q ⊂ R m is called piecewise linear (PL), if its graph {(x, f (x))|x ∈ P } ⊂ R m+n is a polyhedron. It is called PL homeomorphism, if it has in addition a PL inverse. This is the case if and only if there exist triangulations of P and Q with respect to which f is a simplicial isomorphism [9, p. 84, Thm. 3.6.C]. A polyhedron P is called a PL manifold (with boundary) of dimension n, if every point p ∈ P has an open neighbourhood in P that is PL homeomorphic to R n (or to R ≥0 × R n−1 ). If a simplicial complex K triangulates a polyhedron P , then P is a PL n-manifold, if and only if the link of every vertex of K is a PL (n − 1)-sphere, i.e. PL homeomorphic to ∂∆ n . PL manifolds can also be defined as abstract spaces with a PL structure [9, Ch. 3] . However, every such space can be realised as a polyhedron in some R N [9, Lem. 3.5, p. 80] [19, Thm. 7.1, p. 53] . The following statement is certainly known, but the author has not found a reference. Proposition 2.1. A piecewise linear manifold M on which a finite group G acts by piecewise linear homeomorphisms can be triangulated by a simplicial complex K such that G acts simplicially on |K|, i.e. it maps simplices linearly onto simplices.
To prove it we need the notion of a (locally finite) cell-complex (cf. [22] ). It can be defined like a simplicial complex, but it is not built up merely from simplices, but more generally from compact convex polyhedra, the so-called cells (cf. [22, pp. 14-15] ). The linear image of a cell is again a cell and the intersection K ∩ L = {A ∩ B|A ∈ K, B ∈ L} of two cell complexes K and L is again a cell complex. A subdivision of a cell complex K is a simplicial complexK such that |K| = |K| and such that every simplex ofK is contained in a cell of K. The k-skeleton K (k) of a cell complex K is the cell complex comprising all cells of K of dimension smaller or equal to k. We have Lemma 2.2. Any cell complex can be canonically subdivided into a simplicial complex.
Proof. The 1-skeleton of K is already a simplicial complex. We successively subdivide the 2, . . . , n-skeleton of K. Assume that we have already subdivided the 2, . . . , k-skeletons of K.
Then we star the (k + 1)-cells of its (k + 1)-skeleton at their barycenters, i.e. we replace each (k + 1)-cell C by the simplicial complex obtained as the join of the boundary ∂C, which is already a simplicial complex, with the barycenter of C (cf. [22, p. 15] ). Having replaced the n-cells we arrive at a simplicial complex that subdivides our initial cell complex.
With the same method one can prove Lemma 2.3. Let K 1 be a subcomplex of a cell complex K. Then any simplicial subdivision of K 1 can be extended to a simplicial subdivision of K.
Now we can give a proof for Proposition 2.1.
Proof of Proposition 2.1. We first triangulate M by a simplicial complex K ⊂ R N . For each g ∈ G we can choose a subdivision L g of K such that g maps simplices of L g linearly into simplices of K (cf. [9, Thm. 3.6, B, p. 84]). Let L be the cell complex obtained by intersecting the cell complexes L g . Then the restriction of each element g ∈ G to each cell of L is linear. Therefore, the translates gL are again cell complexes. Hence, their intersection g∈G gL is a cell complex on which G acts cellularly, i.e. it maps cells linearly onto cells. Now we apply Lemma 2.2 to this complex. By construction, the group G acts simplicially on the resulting simplicial complex.
Finally we fix some notations. Let K be a simplicial complex. We denote its first barycentric subdivision (cf. [7, p. 119] ) by K (1) . The support supp K (x) of a point x in K is defined to be the smallest dimensional simplex of K that contains x. For a simplex σ < K the star star K (σ) is the smallest simplicial complex that contains all simplices of K that contain σ. The link of σ is defined to be
We write star K (σ) and lk K (σ) interchangeably for the star and the link as a simplicial complex and as their underlying space. Also we sometimes omit the index K if its meaning is clear. For a topological space X we denote by CX its closed cone defined as (X × [0, 1])/(X × {0}). For a compact simplicial complex K (in R n ) its closed cone CK is again naturally a simplicial complex (in R n+1 ).
2.2.
Piecewise differentiable maps and smoothings. The following definition is central for comparing piecewise linear and smooth spaces. Definition 2.1. We call a map f : P → M from a polyhedron P to a smooth manifold with or without boundary M piecewise differentiable or PD, if there exists a triangulation K of P such that the restriction of f to each simplex is smooth. We call f a PD homeomorphism (embedding), if it is moreover a homeomorphism (onto its image) and each simplex is smoothly embedded, i.e. for each simplex σ ∈ K and each point p ∈ σ the differential (df |σ ) p is injective.
A smooth structure on a PL manifold with boundary M is called compatible with the PL structure of M , if the identity map from M as a PL manifold to M as a smooth manifold is a PD homeomorphism. A compatible smooth structure on M is called a smoothing. For the proof of our result we need the fact that smoothings in dimensions n ≤ 3 are unique up to diffeomorphism [23, Thm. 3.10.9, p. 202 ] (in fact, we only need this statement for S n , n ≤ 3, cf. Lemma 3.1). In the case n = 3 such a proof relies on the fact that every diffeomorphism of S 2 can be extended to a diffeomorphism of the corresponding unit ball (cf. [23, Thm. 3.10.11, p. 202]).
2.3.
Approximating PD maps by PL maps. In this section we explain how PD maps can be approximated by PL maps. This will be needed in the proof of our main result (cf. Lemma 3.2).
Definition 2.2. Two PD maps f,f : P → R n are called C 1 δ-close, if there exists a triangulation K of P such that for every simplex σ ∈ K both f |σ andf |σ are smooth and the values of (f −f ) |σ and their first derivatives are bounded by δ. Theorem 2.4. Let f : P → M ⊂ R n be a PD homeomorphism from a compact polyhedron to a smooth connected submanifold M of R n . Then there exist some δ > 0 such that every PD mapf : P → M that is C 1 δ-close to f is also a PD homeomorphism.
In order to approximate PD maps by PL maps we need the following concept (cf. [20, p. 90 
]).
Definition 2.3. LetK be a subdivision of K and let f : K → R n be a PD map. The secant map LKf : K → R n is defined to be the map that is linear on the simplices ofK and coincides with f on the vertices ofK.
By definition LKf is a PL map. For a finite simplicial complex K on which a finite group G acts simplicially, we would like to find G-subdivisionsK (i.e. subdivisions on which G acts simplicially) such that LKf becomes close to f in the C 1 sense. According to [20, Lem. 9.3, p. 90] , it is sufficient to find G-subdivisionsK of K whose simplices' diameters tends to zero while their thickness stays bounded from below. The thickness of a simplex is defined to be the ratio of the minimal distance of its barycenter to its boundary and its diameter. The proof in [20, Lem. 9.4, p . 92] of the non-equivariant version of this statement also works in the equivariant case (cf. [16, Lem. 70 ]), i.e. we have Lemma 2.5. Let K be a finite simplicial complex on which a finite group G acts simplicially. There is a t 0 > 0 such that K has arbitrarily fine G-subdivisions for which the minimal simplex thickness is at least t 0 .
As in [20, Thm. 9.6, p. 94] we immediately obtain Theorem 2.6. Let K be a finite simplicial complex on which a finite group G acts simplicially and let f : K → R n be a PD map. Then for every δ > 0 there exists a G-subdivisionK of K such that the secant map LKf is C 1 δ-close to f .
2.4.
Linearizing smooth actions of finite groups on spheres. Using Ricci flow techniques Dinkelbach and Leeb showed that any smooth action of a finite group G on S 3 is smoothly conjugate to an orthogonal action [5] . The same statement is true for smooth actions of finite groups on S 2 , but in this case it follows more elementary by the geometrization of spherical 2-orbifolds [4, 25] or by the uniformization theorem: Average an arbitrary Riemannian metric on S 2 to obtain a G-invariant Riemannian metric g on S 2 . The metric g determines a complex structure on S 2 (cf. [3] ) with respect to which G acts biholomorphically. By the uniformisation theorem there exists a biholomorphism to the Riemann sphere (cf. e.g. [6, Thm. 27.9]) and thus a smooth function φ on S 2 such that g 1 = e φ g has constant sectional curvature 1. This function satisfies the equation
where S(g) is the curvature of g, S(g 1 ) = 1 and ∆ g denotes the Laplace operator attached to g (cf. [1, II.3, p. 726]). Hence φ is unique by the maximum principle. Because of S(e (φ•h) g) = S(h * g 1 ) = S(g 1 ) • h for each h ∈ G the metric e (φ•h) g has constant sectional curvature 1 on S 2 as well for each h ∈ G. This implies that φ is G-invariant by the uniqueness statement above. Hence, G acts isometrically with respect to g 1 and its action on S 2 can thus be smoothly conjugated to an orthogonal action on the standard unit sphere S 2 ⊂ R 3 .
2.5. Gluing smoothed PL manifolds. Let P 1 and P 2 be two PL manifolds with boundary endowed with smoothings. Suppose there exists a piecewise linear diffeomorphism f : ∂P 1 → ∂P 2 . Then there exists a smooth structure on P 1 ∪ f P 2 with respect to which P 1 and P 2 are smoothly embedded (cf. [18, Thm. 4.1, p. 25; Remark, p. 24]). Moreover, using the methods described in Section 2.1 one can find triangulations of P 1 and P 2 whose simplices are smoothly embedded and with respect to which the map f is a simplicial isomorphism. Such triangulations give rise to a triangulation of P 1 ∪ f P 2 whose simplices are smoothly embedded. Hence, the smooth structure on P 1 ∪ f P 2 above in fact defines a smoothing.
Proof of the main result
Let K be a simplicial complex that is also a PL manifold of dimension n ≤ 4 and let G be the group of all simplicial isomorphisms of K. We are going to show that the complex K admits a G-equivariant smooth structure and a subdivision all of whose simplices are smoothly embedded. In view of Proposition 2.1 on the existence of equivariant triangulations, this will imply our main result. Perhaps after taking the first barycentric subdivision of K we can assume that a simplex σ of K invariant under some g ∈ G is pointwise fixed by g.
We endow K with an auxiliary polyhedral metric such that all edges have unit length and such that all simplices of K are flat. For n = 1 we can isometrically identify the resulting metric space with a distance circle in R 2 or a real line to obtain a desired equivariant smoothing. For n ≥ 2 this strategy does not work. We can put a smooth structure on the complement K * of the (n − 2)-skeleton of K in K such that every isometry between a subset of K * and a subset of R n is smooth. However, in general it is not possible to extend it to a compatible smooth structure on K.
In order to extend the smoothing we have to change the smooth structure on K * in a small neighbourhood of the (n − 2)-skeleton. Let us begin with the simplest case.
3.1. Proof for 2-manifolds. The canonical metric on K introduced above is induced by a canonical piecewise flat Riemannian metric. Suppose a vertex x of K is contained in n 2-simplices of K. Then we can embed star K (x) as a regular n-gon of radius 1 into R 2 . Using the cone parameter of star K (x) = Clk K (x) and a smooth cut-off function, in a neighbourhood of x in K we can interpolate between the Riemannian metric induced from the embedding above and the canonical piecewise Riemannian metric on K. Doing this for all vertices, we obtain a new equivariant piecewise Riemannian metric on K that coincides with the canonical piecewise Riemannian metric away from the vertices. Close to the vertices and away from the edges the metric defines an equivariant smoothing. Along the interior of the edges we can use the exponential map to define collars. These collars in turn define charts that extend the equivariant smoothing to all of K. In view of our proof in higher dimensions note that the same method works, if we start with a piecewise flat metric on K distinct from the canonical one.
What we did is to first construct an equivariant welding of K via the metric, i.e. an equivariant and continuous choice of linearisations of the tangent spaces of K (cf. [23, Def. 3.10.4]), and then an equivariant smoothing from it, thereby adopting the proof from the non-equivariant case (cf. [23, Prop. 3.10.7] ). In the non-equivariant case this approach also works in dimension three [23, Prop. 3.10.7; Thm. 3.10.8]. In the equivariant case one could use the result in [17] , which yields a realisation of a simplicial 2-sphere in R 3 such that all simplicial isomorphisms are realised by isometries, to first construct an equivariant welding and then an equivariant smoothing from it. However, this approach does not easily generalise to dimension four, where additional issues arise when trying to extend the welding from the vertices over the 1-skeleton (cf. [23, Challenge. 3.10.17] ) and where there is no analogue of [17] (cf. [17] ). Instead, we follow a suggestion by Thurston (cf. Introduction and [23, Challenge 3.10.20]) in a way that generalises to the four dimensional case. In short, we start with the canonical smooth structure on the (n−2)-skeleton of K and successively extend it to smoothings on the complements of neighbourhoods of the i-skeleton, i = n − 3, . . . , 0, and finally to all of K. The main ingredients for our proof are provided in the next section.
3.2.
Radially extending equivariant smoothings. We will need the following two lemmas to extend equivariant smoothings. The first lemma just formulates the uniqueness of smoothings and the linearisability of finite group actions on spheres in dimensions n ≤ 3 in a suitable manner (cf. Section 2.4 and Section 2.2).
Lemma 3.1. Let K be a triangulated PL n-sphere, n ≤ 3, on which a finite group G acts simplicially. Suppose that K is equipped with a smoothing with respect to which G acts smoothly. Then there exists a group homomorphism r : G → O(n + 1) and a G-equivariant PD homeomorphism f : K → S n ⊂ R n+1 .
The second lemma enables us to extend equivariant smoothings. Lemma 3.2. Let K be a triangulated PL n-sphere on which a finite group G acts simplicially. Suppose there exists a group homomorphism r : G → O(n + 1) and a G-equivariant PD homeomorphism f : K → S n ⊂ R n+1 . Then this PD homeomorphism can be extended to a G-equivariant PD homeomorphism F : CK → B n+1 from the closed cone of K to the unit (n + 1)-ball in R n+1 .
Proof. We cannot simply extend the map f linearly to the origin, because then the restriction to a simplex could be degenerate at the cone point. However, we can isotopy f along the radial direction to a map that can be linearly extended to the cone point in a compatible way. We do this in two steps. In the first step we isotopy f such that the embedded simplices of K become spherical simplices. The second isotopy deforms the spherical simplices into flat simplices (cf. Figure 1 ). More precisely, let p : R n+1 \{0} → S n be the radial projection and let θ : R → R be a smooth cut-off function with 0 ≤ θ(t) ≤ 1, θ (t) ≤ 0, θ(t) = 1 for t < 1/3 and θ(t) = 0 for 2/3 < t. According to Theorem 2.6 there is a G-equivariant subdivisionK of the complex K such that the map LKf : K → R n+1 is close to f in the C 1 -sense and hence, the same is true for the mapf = p • LKf : K → S n . For a sufficiently good approximation the map
with θ 1 (t) = θ(2t − 1) is well-defined for t > 1/2. Moreover, if we choose a sequence of subdivisions such thatf converges to f in the C 1 -sense, then F t converges uniformly in t to f in the C 1 -sense. Therefore, for a sufficiently fine subdivision the map
defines a G-equivariant PD embedding by Theorem 2.4 applied to the maps F t . With θ 2 (t) = θ(2t) we set µ :
Then the map F :
3.3. Product neighbourhoods. Before continuing the actual proof, we introduce some organising notations. We denote the set of vertices of K (1) , that is of the first barycentric subdivision of K, whose supporting simplex in K has dimension i by v i (K). In particular, we denote the set of vertices of
Here supp K (x) ⊥x is the set of points y ∈ star K (supp K (x)) for which the straight line between x and y meets supp K (x) orthogonally. Note that open sets U x ⊂ star K (1) (x) and U y ⊂ star K (1) (y) are disjoint for distinct x, y ∈ v i (K). Figure 2 . Two-dimensional sketch of the map H restricted to a simplex of K. Above the lower dotted line the smooth structure of K * 1 is defined (cf. proof). Above the upper dotted line the map H is the identity.
as above is called a product neighbourhood. We call it a symmetric product neighbourhood if U x is in addition invariant under all simplicial isomorphisms of star
Note that a symmetric product cover of K is in particular invariant under all simplicial isomorphisms of K. In order to have control on the sizes of product neighbourhoods of a symmetric product cover U we introduce its fineness fin(U) defined as fin(U) := max
and its cofineness cofin(U) defined as
A symmetric product cover with small fineness has large cofiness and vice versa. Clearly, symmetric product covers with arbitrarily small (co)fineness exist.
3.4.
Proof for 3-manifolds. Let U be a symmetric product cover of K with small fineness. For a point x ∈ v 1 (K) on an edge of K we set S * x = S x \{x} where U x = V x × S x ∈ U as in the preceding section. The set V x × S * x inherits a smoothing from K * that respects the product structure and is invariant under all isometries in G that fix supp K (x) pointwise. As in the 2-manifold case we obtain a smoothing of S x invariant under these isometries that differs from the smoothing of S * x only in a small neighbourhood of x. Working with representatives of Gorbits in v 1 (K) we obtain a G-equivariant smoothing of K * 1 = K\N ε 1 (K (0) ), the complement of small closed balls around the vertices of K. With fin(U) tending to zero, we can choose ε 1 arbitrarily small. By construction, intersections of simplices of K with K * 1 are smoothly embedded.
For a vertex x ∈ v(K) of K let B x = {y ∈ K|d(x, y) = min z∈v(K) d(y, z)} be a Voronoi domain about x. It is a polyhedral 3-ball in star K (x) invariant under all simplicial isomorphisms of star K (x). Its bundary P x = ∂B x projects homeomorphically to lk K (x) with respect to the radial projections in star K (x). In the present situation, in which all edges of K have unit length, we simply have B x = star K (1) (x) and P x = lk K (1) (x). We identify star K (x) with a subset of the cone CP x and work with cone coordinates t · v := (t, v) ∈ R ≥0 × P x to describe points in star K (x).
We want to change the G-equivariant smoothing of K * 1 in neighbourhoods of the vertices of K such that for some small λ and each vertex x the polyhedron λ · P x is a smooth submanifold. This would induce an equivariant smoothing of λ · P x that could be extended to an equivariant smoothing of λ · B x using Lemma 3.1 and Lemma 3.2. We could then glue together the smoothed balls λ · B x and their complement in K * 1 as explained in Section 2.5 to obtain a smoothing of K. Moreover, by working with representatives of G-orbits in v(K), we could guarantee that the obtained smoothing is equivariant.
We claim that if the fineness of U is sufficiently small, then there is some small λ with the following property. For each vertex x of K there exists an equivariant PD embedding
of the form H(t, v) = (ϕ(t, v), v) that differs from the identity only for small t and away from the 1-skeleton of K such that H(λ · P x ) ⊂ K * 1 is a smooth submanifold. Using such PD embeddings as new charts alters the smoothing of K * 1 in a desired way so that our strategy above applies.
Close to an edge of K, say supp K (x), x ∈ v 1 (K), where H is supposed to be the identity, the condition that H(λ · P x ) ⊂ K * 1 is a smooth submanifold is automatically fulfilled. Indeed, in these regions the polyhedron t · P x ⊂ K * 1 ∩ star K (x) factors through an S x -slice with respect to the isometric splitting U x = V x × S x ∈ U and is thus a smooth submanifold of K * 1 . Away from the 1-skeleton of K the smooth structure on K * 1 is still the canonical smooth structure we started with. With respect to this smooth structure the construction of the map H is a matter of elementary calculus that can be performed simplex-wise (cf. Figure 2 for a 2-dimensional sketch of the construction of the map H for P = lk K (1) (x) and Section 3.6 for more details on the construction).
Note that due to the application of Lemma 3.2 and the gluing procedure, in neighbourhoods of vertices of K (open subsets of) the simplices of K are in general not smoothly embedded, only those of a subdivision. However, by choosing the fineness of the symmetric product cover U we started with sufficiently small, it can be arranged that these neighbourhoods are small.
3.5.
Proof for 4-manifolds. The proof in the 4-dimensional case works along the same lines as in the 3-dimensional case. More care has to be taken only due to the necessity of introducing simplicial subdivisions in dimension three. Let U be a symmetric product cover of K with small fineness. As in the first step in the 3-dimensional case, from the canonical smoothing of K * we obtain an equivariant smoothing of K * 1 = K\N ε 1 (K (1) ), the complement of a closed ε 1 -neighbourhood of the 1-skeleton of K. The only difference is that in the present case a two-dimensional factor V x splits off from the product neighbourhoods of U x = V x × S x , x ∈ v 2 (K). With fin(U) tending to zero we can choose ε 1 arbitrarily small. Now let U x = V x × S x , x ∈ v 1 (x), be a product neighborhhood corresponding to an edge of K. The smoothing of K * 1 restricts to a product subset of U x = V x × S x and respects the product structure. Treating the second factor S x as in the 3-dimensional case and working with representatives of G-orbits in v 1 (K) we obtain an equivariant smoothing of K * 2 = K\N ε 2 (K (0) ), the complement of small balls N ε 2 (K (0) ) around the vertices of K. With fin(U) and ε 1 tending to zero, we can choose ε 2 arbitrarily small. Note that in a neighbourhood of the edges of K only (open subsets of) simplices of a subdivsion of K are smoothly embedded in K * 2 . However, by choosing the fineness of our initial symmetric product cover U small, we can assume that this neighborhood is closely concentrated around the edges of K.
Finally, we claim that if the fineness of U is sufficiently small, then the smoothing can be extended to all of K, i.e. over neighbourhoods of the vertices of K, by the same method as in the three-dimensional case. More precisely, we claim that in this case there is some λ such that for each vertex x ∈ v(K) and P x = lk K (1) (x) there exists an equivariant PD embedding
of the form H(t, v) = (ϕ(t, v), v) that differs from the identity only for small t and away from the 1-skeleton of K such that H(λ · P x ) ⊂ K * 2 is a smooth submanifold. For details on the construction of this map we refer to the next section. Given such a map H, the proof can be concluded as in the three-dimensional case.
3.6. Construction of the map H. In the preceding two sections we have employed PD embeddings H on three occasions. In this section we describe their construction. We treat the case n = 4. The case n = 3 works analogously but more easily. One only has to note that in the case n = 3 the PD embeddings H applied in Section 3.4 and Section 3.5 need to be constructed with respect to different polyhedral metrics.
Let ∆ 4 = ∆ 4 be a standard simplex with unit edge length and let ∆ 3 = ∆ 3 be a face of ∆ 4 . We regard ∆ 4 as the subset (∆ 3 × [0, 1])/ ∼ of the cone C∆ 3 with vertex x. Moreover, we suppose that C∆ 3 is isometrically embedded in R 4 . LetŨ be a symmetric product cover of ∆ 3 of small cofineness (cf. Section 3.3). Let P be the simplicial complex P = lk ∆
which is the boundary of {y ∈ C∆ 3 |d(0, y) = min z∈v(∆ 4 ) d(y, z)} in C∆ 3 . We identify P with ∆ 3 via radial projection in C∆ 3 . In particular, the coverŨ gives rise to a cover of P that we also denote byŨ. To describe points in C∆ 3 we work with cone coordinates (t, v) ∈ R ≥0 × P corresponding to t · v ∈ CP = C∆ 3 . Using a partition of unity it is easy to construct a PD map ϕ 0 : ∆ 3 → (0, 1] such that the following properties hold (1) ϕ 0 is equivariant with respect to all simplicial isomorphisms of ∆ 3 . (2) the restrictions of ϕ 0 to the stars star ∆ by transversality the intersections of P with the faces of C∆ 3 are submanifolds.
Note that if P is a smooth submanifold of ∆ 4 , then so is λP for each λ ∈ (0, 1]. Let ε 2 be as in the preceding section and let λ be such that 5ε 2 < λ << 1. Given a function ϕ 0 as above, a PD embedding h :
can be constructed as h(t, v) = (ϕ(t, v), v) with ϕ(t, v) = θ(t)t + (1 − θ(t))tϕ 0 (v) where θ : R ≥0 → R ≥0 is a smooth cut-off function with 0 ≤ θ(t) ≤ 1, θ (t) ≥ 0, θ(t) = 1 for t > 1/10 and θ(t) = 0 for t < 2λ. In the situation of the preceding section, for a vertex x of K copies of h can be put together to define an embedding H : N 2ε 2 (x) C ∩ star K (x) → K * 2 . We claim that this map has the desired properties if the cofineness ofŨ and the fineness of the symmetric product cover U used in the preceding section are sufficiently small. The coverŨ induces a symmetric product cover of lk K (x) that we also denote byŨ. First observe that H is PD: We can assume that U y ⊂ CŨ z for all z ∈ v(lk K (x)) and y ∈ v 1 (K) lying on the edge (x, z). On CŨ z ∩star K (x), z ∈ v(lk K (x)), the map H is the identity by (iii) and (iv) and thus trivially PD. Outside of these sets the simplices of K are smoothly embedded by the above assumption U y ⊂ CŨ z (cf. end of the second paragraph in Section 3.5) and thus H is PD in these regions too, since h is PD (with respect to the standard smooth structure on C∆ 3 ) and satisfies h(CŨ C z ) ⊂ CŨ C z . It remains to show that H(λ · P x ) ⊂ K * 2 is a smooth submanifold where P x = lk K (1) (x). To see this note that for sufficiently small cofin(Ũ) and fin(U) we have N 2ε 2 (x) C ∩U y ∩CŨ z = ∅ for all z ∈ v i (lk K (x)), i = 1, 2, 3, and all y ∈ v j (K)∩P x with j ≤ i and thus that the following holds due to our construction of the smooth structure on K * 2 . A point p ∈ H(λ · P x ) ∩ CŨ y , y ∈ v (lk K (x)), has an open neighbourhood U that splits isometrically U = V × S ⊂ CŨ y as an open subset V of C(supp lk(x) (y)) and an orthogonal submanifold S ⊂ C(supp lk(x) (y)) ⊥z , for some z ∈ C(supp lk(x) (y)), such that the smooth structure on K * 2 restricts to the product smooth structure on U = V ×S of the Euclidean smooth structure on V and the smooth structure on S. With respect to the splitting U = V × S a neighbourhood of p in H(λ · P x ) splits as a product of a smooth submanifold of V and an open subset of S by properties (iv), (v) and the choice of P and P x . In particular, this neighbourhood is a smooth submanifold of U and thus of K * 2 . It follows that H(λ · P x ) is a smooth submanifold of K * 2 as claimed.
3.7. Higher dimensions. There exist piecewise linear actions of Z 2 on a 5-dimensional piecewise linear sphere that cannot be equivariantly smoothed. One way to obtain such an example is as follows (cf. [13, p. 260] ). The group Z 2 admits a piecewise linear action on S 4 whose fixed point set is a knotted S 2 , i.e. the fundamental group of its complement is distinct from Z [21, p. 347]. By suspending this action one obtains a piecewise linear action of Z 2 on S 5 with fixed point set S 3 . However, this action cannot be equivariantly smoothed because its fixed point set S 3 ⊂ S 5 is not locally flat.
